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Abstract
We consider the problem of determining the Q-integral graphs, i.e. the graphs with integral signless Laplacian spectrum. We
ﬁnd all such graphs with maximum edge-degree 4, and obtain only partial results for the next natural case, with maximum
edge-degree 5.
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1. Introduction
Let G be a simple graph on n vertices, and adjacency matrix A(=AG). The characteristic polynomial PG() =
det(I − A) of A is called the characteristic polynomial of G. The eigenvalues and the spectrum (which consists of n
eigenvalues) of A are also called the eigenvalues and the spectrum of G, respectively. A graph whose spectrum consists
entirely of integers is called an integral graph.
Let R(=RG) be the n × m vertex-edge incidence matrix of G. Denote by L(G) the line graph of G (recall, vertices
of L(G) are in one-to-one correspondence with edges of G, and two vertices in L(G) are adjacent if and only if the
corresponding edges in G are adjacent). We say that G is a root graph of L(G). The following relations are well known
(see, for example, [6]):
RRT = AG + D, RTR = AL(G) + 2I ,
where D is the diagonal matrix of vertex-degrees (in G). From these relations it immediately follows that
PL(G)() = ( + 2)m−nQG( + 2), (1)
whereQG()=det(I −Q) is the characteristic polynomial of the matrixQ=A+D. ThematrixQ, its eigenvalues and
spectrum will be called the signless Laplacian matrix, signless Laplacian eigenvalues and signless Laplacian spectrum
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(or, brieﬂy, Q-matrix, Q-eigenvalues and Q-spectrum), respectively. Since Q-matrices are positive semideﬁnite, the Q-
spectrum consists of non-negative values. Furthermore, the largest eigenvalue of the signless Laplacian of a connected
graph is a simple eigenvalue, while the least eigenvalue of the signless Laplacian of a connected graph is equal to 0 if
and only if the graph is bipartite; in this case 0 is a simple eigenvalue (see [6, Proposition 2.1]).
The signless Laplacian spectrum is not much studied in the literature (most of the results can be found in the
survey paper [6]). Moreover, the graphs with integral Q-spectrum (to be called Q-integral graphs) have not been
studied so far. It is also worth mentioning that a graph G is Q-integral if and only if its line graph L(G) is integral
(cf. (1)).
2. Preliminaries
In this section, we mention some results from the literature in order to make the paper more self-contained. All
integral graphs with maximum vertex-degree 3 are known (see [1,2,4,12]); exactly 20 of them are connected, and of
these graphs 13 are regular. In addition, all non-regular integral graphs with maximum vertex-degree 4 are known (see
[11,13]); exactly 106 of them are connected, and of these graphs 13 are non-bipartite. There are also partial results
concerning 4-regular integral graphs (see [7,14,15]), but this case is still open.
If G is an r-regular graph (i.e. regular of vertex-degree r) then PG() = QG( + r) (see [6, Section 3]). So, for
regular graphs, both theories coincide: namely, any result based on the usual spectrum can be interpreted in terms of
the Q-spectrum, and vice versa; in particular, a regular graph is integral if and only if it is Q-integral.
Following [6] (see Section 4; especially Theorem 4.1 and Corollaries 4.2 and 4.3), we list some notions and results to
be used later on. A semi-edge walk (of length k) in a graph G is an alternating sequence v1, e1, v2, e2, . . . , vk, ek, vk+1
of vertices v1, v2, . . . , vk+1 and edges e1, e2, . . . , ek such that for any i = 1, 2, . . . , k the vertices vi and vi+1 are
end-vertices (not necessarily distinct) of the edge ei . Let Q be the signless Laplacian of a graph G. Then the (i, j)-
entry of the matrix Qk is equal to the number of semi-edge walks starting at vertex i and terminating at vertex j. Let
Tk =∑ni=1ki , (k=0, 1, . . .) be the kth spectral moment for the Q-spectrum (here 1, 2, . . . , n are the Q-eigenvalues
of G). Then Tk is equal to the number of closed semi-edge walks of length k. In particular, if G has n vertices, m edges,
t triangles, and vertex-degrees d1, d2, . . . , dn, then
T0 = n, T1 =
n∑
i=1
di = 2m, T2 = 2m +
n∑
i=1








Let Q and A be the sets of connected graphs which are Q-integral and integral, respectively. Then we have the
following lemma.
Lemma 3.1. Under the above notation, if H ∈ {K1,3,K3}, there is an injective map f : Q\{H } →A.
Proof. For every graph G ∈ Q\{H } we can deﬁne f (G) = L(G). The injectivity follows from the fact that if
G1 and G2 are connected graphs, then L(G1) = L(G2) if and only if G1 = G2 or {G1,G2} = {K1,3,K3} (see
[5, Theorem 2.1.6]).
This completes the proof. 
The mapping f from the previous lemma is not bijective, since an arbitrary integral graph need not be a line graph.
However, we have that all stars are Q-integral (but not all are integral). On the other hand, all complete graphs are both
Q-integral and integral.
In what follows, for an arbitrary edge e of a graphG, deg(e) denotes an edge-degree, i.e. the number of edges adjacent
to e. Also, we will say that G is edge-regular if its edges have the same edge-degree.
Theorem 3.1. If G is a connected Q-integral graph with maximum edge-degree not exceeding 3, then G is one of the
following eight graphs: K1, K2, K3(=C3), C4, C6, K1,3, K2,3 and H1 (of Fig. 1).
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Fig. 1.
Proof. Since G is Q-integral it follows that L(G) is integral. Next, since G is a connected graph with maximum edge-
degree at most 3, it follows that L(G) is a connected graph with maximum vertex-degree at most 3. As already noted,
just 20 connected graphs with maximum vertex-degree 3 are integral. By inspecting these graphs we ﬁnd that only 8
of them are line graphs, and that their root graphs are just the graphs from the above list.
This completes the proof. 
Note, H1 = S(K4), where S stands for the subdivision of a graph; recall, the subdivision of a graph G is obtained by
inserting into each of its edges a vertex of degree 2 (see also [3], p. 16).
Similarly we get:
Theorem 3.2. If G is a connected edge-non-regular Q-integral graph with maximum edge-degree 4, then G is one of
the following two graphs: H2 and H3 (of Fig. 1).
Proof. Observe ﬁrst that now L(G) is a connected non-regular graph with maximum degree 4. As already noted,
just 106 connected non-regular graphs with maximum degree 4 are integral. Among these graphs, bipartite graphs are
not of interest. This is because each of them contains K1,4 as an induced subgraph, and so it cannot be a line graph
(induced K1,3 is forbidden). As already noted, there are just 13 connected non-bipartite non-regular integral graphs
with maximum vertex-degree 4. By inspecting these graphs we ﬁnd that only two of them are line graphs, and that their
root graphs are just H2 and H3.
This completes the proof. 
So far we have found all Q-integral graphs G with maximum edge-degree 4, except those whose line graphs are
4-regular. It is well known (see, for example, [9]) that a line graph is regular if and only if its root graph is regular or
semiregular bipartite. Therefore, we now assume that G is a 3-regular graph or an (r, s)-semiregular bipartite graph
with r + s = 6. In the latter case, we have
n1 = m
r
, n2 = m
s
, n = n1 + n2 = m(r + s)
rs
, (3)
where n1 and n2 are the numbers of vertices within colour classes, while m is the number of edges. These observations
enables us to complete the list of Q-integral graphs with maximum edge-degree 4.
Theorem 3.3. If G is a connected edge-regular Q-integral graph with edge-degree 4 then G is either one of 13 cubic
integral graphs, or one of the following three graphs: K1,5, K2,4 and I1 (of Fig. 2).
Proof. If G is regular, then it is one of the 13 graphs as already mentioned. So, we assume next that G is an (r, s)-
semiregular bipartite graph, with r + s = 6 (and r = s).
If r = 1, s = 5, then G = K1,5, as required (recall, each star is Q-integral).
If r = 2, s = 4 then G a connected (2, 4)-semiregular bipartite graph, while L(G) is a connected 4-regular graph.
From (1), we immediately get that the Q-spectrum of G has the form [0, 1a, 2b, 3c, 4d , 5e, 6], where the exponents
stand for the multiplicities of the eigenvalues. If G has m edges, then having in mind the equalities (2) and (3), we
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Fig. 2.
arrive at the following system of Diophantine equations:
a + b + c + d + e + 2 = T0 = 34m,
a + 2b + 3c + 4d + 5e + 6 = T1 = 2m,
a + 4b + 9c + 16d + 25e + 36 = T2 = 8m,
a + 8b + 27c + 64d + 125e + 216 = T3 = 38m.
Solving this system, we get: b=−4a + 32m− 9, c= 6a − 2m+ 16, d =−4a + 54m− 9, e= a. Since c, d0, we have
m3a + 8 and m 165 a + 365 . Thus, 165 a + 365 3a + 8, which implies a4. Further, c0 and a4 give us m20.
On the other hand, since n = 34m, we have that 4 must divide m. Hence, m ∈ {4, 8, 12, 16, 20}. Now, it is easy to see
that the case m = 4 is not possible. Moreover, for m ∈ {12, 16}, c and d cannot be non-negative at the same time. By
inspecting all (2, 4)-semiregular bipartite graphs with m edges where m ∈ {8, 20}, we get two Q-integral graphs: K2,4
and I1.
This completes the proof. 
Note, I1 = S(K5), where S (as before) stands for the subdivision of a graph.
Collecting the above results we arrive at the following theorem.
Theorem 3.4. There are exactly 26 connected Q-integral graphs with maximum edge-degree at most 4.
In what follows we assume that the maximum edge-degree is 5. We consider only the case that G is edge-regular;
note that G is not regular. We shall need the following result.
Lemma 3.2. LetGbe an (r, s)-semiregular bipartite graphwithm edgeswhich contains q quadrangles and h hexagons.
Then, for the spectral moments Tk(k = 4, 5, 6) we have
T4 = (r3 + s3 + 4(r2 + s2) + 2(r + s) + 4rs − 2)m + 8q, (4)
T5 = (r4 + 5(r3 + r2 − r) + s4 + 5(s3 + s2 − s) + 5rs(r + s + 2))m + 20(r + s)q, (5)
T6 = (r5 + s5 + 6(r4 + s4) + 9(r3 + s3) − 7(r2 + s2) − 6(r + s + rs) + 6rs(r2 + s2 + rs)
+ 21(r2s + s2r) + 4)m + 12(3(r2 + s2) + 2(r + s) + 4rs − 4)q + 12h. (6)
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Thus, we immediately get the equalities
DAD = rsA, A2kD = DA2k, trA2k+1Dl = 0, (7)
where k, l1.
Assume ﬁrst that k = 4. Then we get:
T4 = trQ4 = tr(A + D)4 = tr(A4 + 4A3D + 4A2D2 + 4AD3 + D4 + 2ADAD), (8)
where the latter follows since trMN=trNM for any two (feasible) matricesM andN. Next we have trA3D=trAD3=0
(see the third equation of (7)). By direct computationwe get trA2D2=∑ni=1d3i , trD4=∑ni=1d4i . SinceDAD=rsA, we
get trADAD=rs∑ni=1di . By counting the closedwalks of the length 4,weobtain trA4=∑ni=1d2i +∑ni=1di(di−1)+8q,
where the ﬁrst term counts the walks traversing the edges incident to the starting vertex, the second one those traversing
the paths of length 2, and the third one the walks around a quadrangle.
Substituting the values obtained into (8), and using (3), we get (4).
Assume next that k = 5. By using the ﬁrst and the third equation of (7) we get:
T5 = trQ5 = tr(A + D)5 = tr(5A4D + 5A2D3 + D5 + 5rsA2D). (9)
By direct computation we obtain trA2D3 =∑ni=1d4i , trD5 =∑ni=1d5i and trA2D =∑ni=1d2i . Finally, each entry of
the main diagonal of A4 has the form d2i + di(d∗i − 1) + 2qi , where di is the degree of ith vertex, d∗i is the degree
of its neighbours, and qi is the number of quadrangles containing the ith vertex. (In particular, di, d∗i ∈ {r, s}, and
di = d∗i .) Similarly, every entry of the main diagonal of D is di . Now, we get trA4D =
∑n
i=1(d2i + di(d∗i − 1) +
2qi)di =∑ni=1(d2i + di(d∗i − 1))di + 4(r + s)q.
Substituting the values obtained into (9), and using (3), we get (5).
Assume ﬁnally that k = 6. Similarly to above, we now get:
T6 = trQ6 = tr(A + D)6 = tr(A6 + 6A4D2 + 6A2D4 + D6 + 6rsA4 + 6rsA2D2
+ 3r2s2A2 + 3A2DA2D). (10)
By direct computation, we next get trA2D4 =∑ni=1d5i and trD6 =∑ni=1d6i . The terms trA4 and trA2D2 are already
computed in this proof, while trA2 =∑ni=1di . Further, trA4D2 =∑ni=1(d2i + di(dj − 1) + 2qi)d2i =∑ni=1(d2i +
di(dj − 1))d2i + 4(r2 + s2)q. Therefore, it remains to compute trA6 and trA2DA2D.
Consider ﬁrst trA6. By counting the closed walks of the length 6, we obtain trA6 =∑ni=1d3i + 3∑ni=1di(d∗i − 1)+∑n
i=1di(d∗i − 1)(d∗i − 2) + 3
∑n
i=1di(di − 1)(d∗i − 1) + 24(r + s − 2)q + 12h, where di is the degree of ith and d∗i
is the degree of its neighbours. The ﬁrst term counts the walks traversing the edges incident to the starting vertex, the
second one counts the walks traversing the paths of length 2; the next two terms are related to the walks traversing
three edges, while the last two terms count the walks which traverse a quadrangle, or a hexagon, respectively.
Consider now trA2DA2D. By using the second equation of (7)wegetA2DA2D=A4D2, and therefore trA2DA2D=
trA4D2.
Substituting the values obtained into (10), and using equalities (3), we get (6).
This completes the proof. 
We now observe that any edge-regular graph with edge-degree 5 must be an (r, s)-semiregular bipartite graph, with
r + s = 7. In the following theorems we consider all cases that can arise.
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Theorem 3.5. Let G be a connected (r, s)-semiregular bipartite graph (with r + s = 7 and r < s). If G is Q-
integral with r = 1, or r = 2 then G is one of the following graphs: K1,6 for r = 1, or K2,5 and I2 (see Fig. 2)
for r = 2.
Proof. Assume ﬁrst that r = 1. Then the star K1,6 is the only connected (1, 6)-semiregular bipartite graph. In addition,
it is a Q-integral graph.
Assume secondly that r=2. LetG be a (2, 5)-semiregular bipartiteQ-integral graph.We have thatL(G) is a 5-regular
graph. From (1) the Q-spectrum of G is of the form [0, 1a, 2b, 3c, 4d , 5e, 6f , 7] (as earlier, the exponents stand for the
multiplicities of the eigenvalues). Let G have m edges and q quadrangles. Having in mind the equalities (3), (2), (4)
and (5), we arrive at the following system of Diophantine equations:
a + b + c + d + e + f + 2 = T0 = 710m,
a + 2b + 3c + 4d + 5e + 6f + 7 = T1 = 2m,
a + 4b + 9c + 16d + 25e + 36f + 49 = T2 = 9m,
a + 8b + 27c + 64d + 125e + 216f + 343 = T3 = 50m,
a + 16b + 81c + 256d + 625e + 1296f + 2401 = T4 = 301m + 8q,
a + 32b + 243c + 1024d + 3125e + 7776f + 16807 = T5 = 1866m + 140q.
Solving this system, we get: a = f = 16 (2m + q − 30), b = − 12q + 9, c = d = 16 (m + 2q − 30), e = 110 (−3m −
5q + 90). Since c is non-negative, we have m30. On the other hand, n = 710m is integer, and therefore m ∈{10, 20, 30}.
Let m = 10. There is exactly one (2, 5)-semiregular bipartite graph with 10 edges, and this is K2,5. In addition, this
graph is Q-integral.
Let m= 20. Since c is non-negative and a, b are integers, we have q8, but then e < 0. A contradiction! So, G does
not exist.
Finally, letm=30. Nowwe proceed as follows. First, we have that n=21, n1=6 and n2=15. Consider a multi-graph
G∗ homeomorphic to G (so each internal path of length at least two is replaced by a single edge). Then this multi-graph
has 6 vertices; it is regular of degree 5, and so it has 15 edges. To get G from G∗ we must insert in it 15 vertices of
degree 2. We cannot insert into some edge two (or more) vertices, since otherwise we will have two vertices of degree 2
adjacent in G. So, in each edge ofG∗ we insert just one vertex. IfG∗ has a multiple edge, then G contains a quadrangle,
a contradiction. Note that q = 0, since e0. Hence G = S(H) where H is a graph with 6 vertices and 15 edges, i.e.
H = K6. (The graph I2 of Fig. 2 is isomorphic to S(K6).)
This completes the proof. 
We will next need the following well-known result (see [10]): For an arbitrary graph G with adjacency matrix A
there exists a polynomial P such that P(A)= J , where J is the all-1’s matrix, if and only if G is connected and regular.
If G is an r-regular graph on n vertices, then
P(x) = n(x − 2) · · · (x − k)
(r − 2) · · · (r − k) ,
where 1(=r), 2, . . . , k are all the distinct eigenvalues. This polynomial is known as the Hoffman polynomial.
Considering algebraic conjugates, we see that (r − 2) · · · (r − k) is an integer divisible by n.
Lemma 3.3. A connected (3, 4)-semiregular bipartite Q-integral graph has one of the Q-spectra shown in Table 1.
Each row contains the number of vertices, the number of edges, the multiplicities of eigenvalues 0, 1, . . . , 7, the number
of quadrangles (q) and the number of hexagons (h).
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Table 1
n m 0 1 2 3 4 5 6 7 q h
7 12 1 0 0 3 2 0 0 1 18 24
14 24 1 2 0 5 3 0 2 1 18 12
14 24 1 1 3 3 1 3 1 1 12 40
21 36 1 4 0 7 4 0 4 1 18 0
21 36 1 3 3 5 2 3 3 1 12 28
21 36 1 2 6 3 0 6 2 1 6 56
28 48 1 4 6 5 1 6 4 1 6 44
28 48 1 5 3 7 3 3 5 1 12 16
35 60 1 5 9 5 0 9 5 1 0 60
35 60 1 6 6 7 2 6 6 1 6 32
35 60 1 7 3 9 4 3 7 1 12 4
42 72 1 7 9 7 1 9 7 1 0 48
42 72 1 8 6 9 3 6 8 1 6 20
49 84 1 9 9 9 2 9 9 1 0 36
49 84 1 10 6 11 4 6 10 1 6 8
70 120 1 15 9 15 5 9 15 1 0 0
Proof. As in the proof of Theorem 3.5, having in mind the equalities (3), (2), (4), (5) and (6), we arrive at the following
system of Diophantine equations:
a + b + c + d + e + f + 2 = T0 = 712m,
a + 2b + 3c + 4d + 5e + 6f + 7 = T1 = 2m,
a + 4b + 9c + 16d + 25e + 36f + 49 = T2 = 9m,
a + 8b + 27c + 64d + 125e + 216f + 343 = T3 = 46m,
a + 16b + 81c + 256d + 625e + 1296f + 2401 = T4 = 251m + 8q,
a + 32b + 243c + 1024d + 3125e + 7776f + 16807 = T5 = 1422m + 140q,
a + 64b + 729c + 4096d + 15625e + 46656f + 117649 = T6 = 8251m + 1596q + 12h.
Solving this system, we get: a=f = 118 (−11q −3h+270), b= e=− 12q +9, c= 118 (−8q −3h+270), d = 136 (−2q −
3h + 180), m = 13 (−14q − 3h + 360). Recall that line graph of a connected (r, s)-semiregular bipartite graph with m
edges is a connected regular graph on m vertices. By using the Hoffman polynomial, we ﬁnd that m divides 7! = 5040.
On the other hand, since q and h are non-negative we have m120. Thus, m ∈ {12, 24, 36, 48, 60, 72, 84, 120}. By
computing the other values for every possible m we obtain the values as in Table 1.
This completes the proof. 
We consider ﬁrst the smallest graphs of Table 1 (by hand, and by computer search). The results obtained are
summarized in the following theorem.
Theorem 3.6. There exists only one graph with data corresponding to the ﬁrst (third) row of Table 1, namely, K3,4
(resp. I3 of Fig. 2); there are no graphs having data as in the second row.
We now turn to some other graphs from Table 1. We ﬁrst ﬁnd the spectrum (the usual one) of these graphs.
LetG be an (r, s)-semiregular bipartite graph (withn1 andn2 verticeswithin each colour class). Then its characteristic
polynomial is of the form:
PG() = (2 − rs)m0
∏
i∈I
( − 2i )mi ,
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where i (i ∈ I ) are the positive eigenvalues other than rs; m0 is the multiplicity of eigenvalue 0, while mi is the
multiplicity of the eigenvalue i (i ∈ I ). Note that m0 |n1 − n2| (see, for example, [3, p.233]).
Using Theorem 2.16 (see [3, p. 62]) we easily get
PL(G)() = ( − (r + s − 2))( − (r − 2))n1−
∑
i∈Imi ( − (s − 2))n2−
∑




(2 − (r + s − 4) + (r − 2)(s − 2) − 2i )mi ,
where m = n1r = n2s is the number of edges in G.
Assume now that r = 3 and s = 4. Then we get
PL(G)() = ( − 5)( − 1)n1−
∑
i∈Imi ( − 2)n2−
∑
i∈Imi ( + 2)m−n+1
∏
i∈I
(2 − 3 + 2 − 2i )mi .




2 (note that the possible eigenvalues of L(G) are:
5, 4, 3, 2, 1, 0,−1,−2). So, the spectrum of G is:
[±√12, 0m0 , (±√6)m1 , (±√2)m2 ].
On the other hand, the Q-spectrum of G is:
[0, 1m1 , 2m2 , 3a, 4b, 5m2 , 6m1 , 7] (a, b0).
In the following two theorems we consider the graphs G whose Q-spectrum is given in Table 1 in rows 9, 12, 14
and 16 (in other words, these are the rows with q = 0). Since q = 0 (and also since G is bipartite) the multi-graph
corresponding to A2 has two components which are both graphs with loops: the ﬁrst component has n1 vertices and
3 loops at each vertex; the second has n2 vertices and 4 loops at each vertex. So, the spectrum of the ﬁrst (second)
component with loops excluded is contained in the following set (these eigenvalues are equal to the eigenvalues of A2
decreased by number of loops at each vertex):
{9, 3,−1,−3} ({8, 2,−2,−4}).
But then (if G exists), there also exist two regular graphs whose distinct eigenvalues belong to the above sets. Moreover,
the above components cannot have less than 4 distinct eigenvalues (the only critical case appears when the number of
distinct eigenvalues is 3, but this can be easily resolved from the tables of small strongly regular graphs).
Theorem 3.7. There does not exist a graph with data corresponding to the 9th, 12th or 14th row of Table 1.
Proof. If we take the 9th row then we get: n= 35 and m= 60. So, n1 = 20 while n2 = 15 (by (3)). But then the second
graph (with spectrum containing numbers 8, 2,−2,−4) does not exist (see [8, p. 250]).
Similarly, if we take the 12th or 14th row we get: n= 42 and m= 72 (with n1 = 24 while n2 = 18), and n= 49 and
m = 84 (with n1 = 28 while n2 = 21), respectively. But then the second graph in both cases does not exist (see again
[8, p. 250]).
This completes the proof. 
Finally, we consider the last row of Table 1.
Theorem 3.8. There exists a unique graph G having the Q-spectrum given in the last row of Table 1.
Proof. Firstly we have: n = 70 and m = 120. So, n1 = 40 for the ﬁrst component, while n2 = 30 for the second
component (denote it by H). In addition, we can ﬁnd that the spectrum of H is 8, 215, (−2)9, (−4)5 (as follows easily
by considering the spectral moments up to second order of the putative graph H). Next, by inspecting the data from
[8], p. 252 we ﬁnd exactly 11 graphs having the required spectrum. Since G has neither quadrangles nor hexagons,
each vertex of H is adjacent to 4 disjoint copies of K2. This local property fails to hold for 10 out of 11 candidates for
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H (note that each of the 11 candidates can be constructed in a way described in [8, p. 148]). The remaining candidate
(in the role of H) passes this test. Thus the closed neighbourhood of each of its vertices induces K1∇4K2, i.e. we have
that each vertex of H is incident to 4 triangles having no other vertices in common. Note next that the vertices of each
triangle of H are adjacent to the same vertex of G. In other words, each triangle of H corresponds to a starK1,3 in G (its
central vertex has degree 3 (in G), while the other vertices have degree 4 (in G)). This suggests that we can reconstruct
from H a unique candidate for G in the following way:
(i) take the triangles of H as vertices of G for the ﬁrst colour class;
(ii) take the vertices of H as vertices of G for the second colour class;
(iii) join a vertex from (i) to a vertex from (ii) if the corresponding triangle from (i) contains a vertex in question from
(ii).
Note that this graph is the incidence graph of a block design with points 1, 2, . . . , 30 and blocks the following triples:
1 2 3 2 11 14 4 10 24 5 18 25 7 17 29 9 15 26 12 19 23 15 16 27
1 4 5 2 12 13 4 11 23 6 10 28 7 20 23 9 18 28 12 21 24 15 19 29
1 6 7 3 16 20 4 16 22 6 13 25 8 11 29 9 20 24 13 20 30 22 26 30
1 8 9 3 17 21 5 12 26 6 19 22 8 13 27 10 17 30 14 16 25 23 27 28
2 10 15 3 18 19 5 17 27 7 14 26 8 21 22 11 18 30 14 21 28 24 25 29
Table 2
K1 n = 1 m = 0 0
K2 n = 2 m = 1 2 0
K3 = C3 n = 3 m = 3 4 12
Theorem 3.1 C4 n = 4 m = 4 4 22 0
C6 n = 6 m = 6 4 32 12 0
K1,3 n = 4 m = 3 4 12 0
K2,3 n = 5 m = 6 5 3 22 0
H1 n = 10 m = 12 5 43 22 13 0
Theorem 3.2 H2 n = 6 m = 7 5 4 2 13
H3 n = 6 m = 7 5 32 2 1 0
G1 n = 4 m = 6 6 23
G2 n = 6 m = 9 6 34 0
G3 n = 10 m = 15 6 45 14
Theorem 3.3 G4 n = 8 m = 12 6 43 23 0
(notation of [2]) G5 n = 6 m = 9 6 4 32 12
G6 n = 30 m = 45 6 59 310 19 0
G7 n = 10 m = 15 6 5 43 22 13
G8 n = 12 m = 18 6 53 32 23 13
G9 n = 20 m = 30 6 54 45 25 14 0
Theorem 3.3 G10 n = 20 m = 30 6 54 45 25 14 0
(notation of [1]) G11 n = 10 m = 15 6 5 42 32 22 1 0
G12 n = 12 m = 18 6 52 4 34 2 12 0
G13 n = 24 m = 36 6 56 43 34 23 16 0
K1,5 n = 6 m = 5 6 14 0
Theorem 3.3 K2,4 n = 6 m = 8 6 4 23 0
I1 n = 15 m = 20 6 54 25 14 0
K1,6 n = 7 m = 6 7 15 0
Theorem 3.5 K2,5 n = 7 m = 10 7 5 24 0
I2 n = 21 m = 30 7 65 29 15 0
Theorem 3.6 K3,4 n = 7 m = 12 7 42 33 0
I3 n = 14 m = 24 7 6 53 4 33 23 1 0
Theorem 3.8 G n = 70 m = 120 7 615 59 45 315 29 115 0
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By direct computation, we obtain that G has the Q-spectrum as required in Table 1.
This completes the proof. 
Remark 3.1. The graph H (the second component) is the graph obtained from the collinearity graph of a generalized
quadrangle GQ(3, 3) from which a spread of edges has been removed (it is distance-regular). G is in the fact the
incidence graph of the GQ(3, 3) from which an ovoid (of 10 vertices; a coclique in H) has been removed (see [8]).
The ﬁrst component (which arises in the same way as H) is also interesting: it is an example of a 9-regular graph on 40
vertices having 4 distinct eigenvalues (its spectrum is: [9, 315, (−1)9, (−3)15]).
Remark 3.2. The possible spectra of the remaining Q-integral graphs from Table 1 remain unresolved so far.
We conclude by listing the Q-spectra of all the Q-integral graphs mentioned in this paper. In Table 2 the following
data are given: the theorem where the graph is obtained, the graph, the number of vertices, the number of edges and
the Q-spectrum. Note that 13 cubic integral graphs (which are Q-integral, as well) are displayed in Fig. 2 of [2] and
Fig. 1 of [1] (here, the same notation as in former papers is used).
Finally, it is worth mentioning that Q-integral graphs with maximum edge-degree 5, which are not edge-regular, are
not considered (in this paper) at all. We hope to consider them in forthcoming papers.
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